The present work develops a unified and concise solution for inverse lattice problems. Also, a uniformly sampled arithmetic Fourier transform is presented in this work which uses Ramanujan's sum rule.
In the present time of facing the rapid spread of large scale digital computation and parallel information processing, it is expected that numerous facilities in number theory could be of increasing importance in science and technology. This paper develops two useful formulas. The first is a universal multidimensional Möbius inversion formula for wide applications to inverse lattice problems in condensed matter physics. The second is an application of the Ramanujan's sum to parallel signal processing.
I. MÖ BIUS INVERSION FOR MULTIDIMENSIONAL LATTICES
The classical Möbius inversion formula ͓1,2͔ has been given wide attention in the last decade for its successful applications to inverse problems in the physical sciences ͓3-6͔. However, a more demanding question is whether it will be feasible to extend the trick to problems that are not simply one dimensional. On the face of things that might seem a mere formality, but it takes only a little effort to find problems essentially tied up with the multiple connectedness of all but one-dimensional spaces ͓7͔.
This section provides a unified solution to multidimensional inverse lattice problems with all different kinds of lattice structures based on a generalized Dirichlet inverse. For convenience and clarity, the concise and unified solution is developed and illustrated through the inversive cohesion problem. In general, the cohesive energy E(x) for each atom in a multidimensional crystal lattice can be expressed as a sum of interatomic pair potentials ⌽(x) such that
⌽͑R͒, ͑1͒
where x is the nearest neighbor distance, R is the lattice vector. For convenience, the absolute value of R can be expressed as b 0 (n)x such that
where b 0 (n) in a monotonically increasing series represents the distance between the origin on which the reference atom is located and the nth set of lattice points, r 0 (n) is the number of the nth set of lattice points. For example, b 0 (1)ϭ1 corresponds to the nearest neighbor distance. The inverse lattice problem is to determine ⌽(x) from the fitting curve E(x), which can be obtained from the ab initio calculation. The trick here is to extend the series {b 0 (n)} to {b(n)} to achieve multiplicative closeness. Thus, for any m and n, there exist k such that
In other words, {b 0 (n)} can always be replaced by a multiplicative semigroup {b(n)}. Therefore, Eq. ͑2͒ is equivalent to the following:
in which
͑5͒
The lattice point shell is called vertural when r(n)ϭ0. Then the solution to Eq. ͑4͒ is given by
in which the inversion coefficient or the generalized Möbius function I(n) is given by
This indicates that I͑n ͒ and r(n) are the modified Dirichlet inverse of each other, which is a generalization of common Dirichlet inverse in number theory. The following proves that Eq. ͑6͒ is the solution to Eq. ͑4͒, as well as to Eq. ͑2͒.
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In the case where ͓b(n)͔ 2 are not integers, the least common multiple of all the denominators can be used in the recursive procedure. The solution in Eqs. ͑6͒ and ͑7͒ can be applied to any lattice structure of interest in condensed matter physics or statistical physics including fcc, L1 2 , L1 0 , Diamond, bcc, hcp, DO 3 , and Fibonacci structure. Several examples are provided as follows.
A. Example: fcc structure
The binding energy can be expressed as
in which the distribution {b 0 (n)} adding a small fraction of terms is simply equal to {ͱn}. The latter is closed under multiplication. Thus, let b(n)ϭ{ͱn}, Eqs. ͑6͒ and ͑7͒ can be applied directly to obtain the solution. Note that in this case we have
Here, the condition of sum over b(n)͉b(k) in Eq. ͑7͒ can be simplified to n͉k, or
͑9͒
The left-hand side of Eq. ͑10͒ is just the common Dirichlet product of I(n) and r(n). Therefore,
The inversion coefficient or the Möbius function I(n) for a fcc structure are listed in Table I . It is noted that the values of inversion coefficients I(n) are no longer 1, Ϫ1, and 0 as for the usual Möbius function.
B. Example: bcc structure
The binding energy per atom in a bcc lattice can be expressed as
with the distribution b 0 (n) and r 0 (n) as seen in Table II . We use {b 0 (n)} as a generator to produce a series {b(n)} with weights {r(n)}•{b(n)} as a multiplicative semigroup, which is closed under multiplication. Now the solution is given in Table III Thus the effective pair potentials can be easily evaluated based on the cohesive energy curve E(x), which can be calculated using the ab initio data for real or virtual structures ͓8-11͔. This method is also available for improving the embedded atom method ͑EAM͒ potentials ͓12͔. Obviously, the solutions to inverse lattice problems are useful for all types of multidimensional problems in physical science. Note that the technique can be replaced by the method based on algebraic rings of integers for two-dimensional inverse lattice problems ͓13͔, then the inversion coefficient takes values only of 1, Ϫ1, 0.
In conclusion, Eqs. ͑6͒ and ͑7͒ have provided a resolution to Maddox's challenge ͓7͔.
II. RAMANUJAN'S SUM AND UNIFORM SAMPLING FOURIER EXPANSION

Ramanujan's sum C(m,n) is defined as
C͑m,n ͒ϭ ͚ h͓0,nϪ1͔ ͑ h,n ͒ϭ1 e 2ihm/n , ͑11͒ where h runs only over values less than n and prime to n. Also, there is an interesting theorem on Ramanujan's sum ͓1,2͔ . The theorem states that
where d runs over the common divisors of m and n. Equation ͑13͒ implies that the Ramanujun's sum C(m,n) is always an integer. Maddox was interested in the application of this strange formula. Now let us introduce a uniform sampling arithmetic Fourier transform ͑USAFT͒. The simplest theorem of USAFT states that if
͑14͒
This theorem indicates that the coefficients of USAFT are simply equal to Ramanujan's sum, which sum can be evaluated by addition and subtraction of some integers, which is suitable for parallel processing.
Proof. Let
͑16͒
Taking the real part of Eq. ͑16͒, we get Eq. ͑14͒ immediately. The last step of Eq. ͑15͒ is equivalent to
͑17͒
In fact, in the case of mϭn, there exists only one h such that (hϩ1)nϭN, thus
In all other cases, the contribution from h's and n's to the sum vanishes because
The corresponding coefficient for odd component is
͑19͒
where k and q satisfy
The proof is similar as before. In conclusion, a practical explanation of Ramanujan's sum is discovered. 4͒ C͑2,4͒ C͑3,4͒ C͑4,4͒ C͑1,2͒ C͑2,2͒ C͑3,2͒ C͑4,2͒ C͑1,1͒ C͑2,1͒ C͑3,1͒ C͑4,1͒ C͑0,4͒ C͑1,4͒ C͑2,4͒ C͑3,4͒ ͪͩ 8͒C͑2,8͒C͑3,8͒C͑4,8͒C͑5,8͒C͑6,8͒C͑7,8͒C͑8,8͒ C͑1,4͒C͑2,4͒C͑3,4͒C͑4,4͒C͑5,4͒C͑6,4͒C͑7,4͒C͑8,4͒ C͑1,2͒C͑2,2͒C͑3,2͒C͑4,2͒C͑5,2͒C͑6,2͒C͑7,2͒C͑8,2͒ C͑1,1͒C͑2,1͒C͑3,1͒C͑4,1͒C͑5,1͒C͑6,1͒C͑7,1͒C͑8,1͒ C͑7,8͒C͑0,8͒C͑1,8͒C͑2,8͒C͑3,8͒C͑4,8͒C͑5,8͒C͑6,8͒ C͑0,4͒C͑1,4͒C͑2,4͒C͑3,4͒C͑4,4͒C͑5,4͒C͑6,4͒C͑7 ,4͒ 
A. Example for
N‫4؍‬ ͩ a 1 a 2 a 4 b 1 ͪ ϭ 1 4 ͩ C͑1,f ͑ 1 4 2͒ f ͑ 2 4 2͒ f ͑ 3 4 2͒ f ͑ 4 4 2͒ ͪ ϭ 1 4 ͩ 0 Ϫ2 0 2 Ϫ1 1 Ϫ1 1 1 1 1 1 2 0 Ϫ2 0 ͪͩ f ͑ 1 4 2͒ f ͑ 2 4 2͒ f ͑ 3 4 2͒ f ͑ 4 4 2͒ ͪ . ͑21͒b 2 ͪ ϭ 1 8 ͩ C͑1,ͪ f ͑ 1 8 2 ͒ f ͑ 2 8 2 ͒ f ͑ 3 8 2 ͒ f ͑ 4 8 2 ͒ f ͑ 5 8 2 ͒ f ͑ 6 8 2 ͒ f ͑ 7 8 2 ͒ f ͑ 8 8 2 ͒ ϭ 1 8 ͩ 0 0 0 Ϫ4 0 0 0 4 0 Ϫ2 0 2 0 Ϫ2 0 2 Ϫ1 1 Ϫ1 1 Ϫ1 1Ϫ1
͑22͒
Note that in the above equation a nonsquare 6ϫ8 matrix is used.
III. CONCLUSION
This work is intended for solving some important inverse problems in physics. But it could be also considered as a response to Maddox's two challenge problems ͓7͔.
For the universal solution to multidimensional inverse lattice problems we introduce a concept of virtual lattice points and a modified form of a Dirichlet product. Also the present work presents a method for discrete Fourier expansion, in which the coefficients are simply Ramanujan's sum C(m,n). C(m,n) can be evaluated using the Möbius function. Thus it is suitable for parallel processing. Now that the extensive use of large scale digital computation in solving inverse problems has become popular, the discovery of number theory's applications such as USAFT might be of increasing importance.
